Abstract. In earlier joint work with A. Connes on transverse index theory on foliations, cyclic cohomology adapted to Hopf algebras has emerged as a decisive tool in deciphering the total index class of the hypoelliptic signature operator. We have found a Hopf algebra H n , playing the role of a 'quantum structure group' for the 'space of leaves' of a codimension n foliation, whose Hopf cyclic cohomology is canonically isomorphic to the Gelfand-Fuks cohomology of the Lie algebra of formal vector fields. However, with a few low-dimensional exceptions, no explicit construction was known for its Hopf cyclic classes. This paper provides an effective method for constructing the Hopf cyclic cohomology classes of H n and of H n relative to On, in the spirit of the Chern-Weil theory, which completely elucidates their relationship with the characteristic classes of foliations.
Introduction
In our joint work with A. Connes on the local index formula for transversely elliptic operators on foliations [10] , a certain Hopf algebra H n turned out to play the role of a 'quantum structure group' for the 'space of leaves' of any codimension n foliation. Moreover, the Hopf-version of cyclic cohomology, which emerged in the same paper, was shown for H n to be canonically isomorphic via a quasi-isomorphism of van Est type to the Gelfand-Fuks cohomology of the Lie algebra of formal vector fields on R n . This isomorphism furnished the decisive tool in relating the total index class of the hypoelliptic signature operator [9] to the characteristic classes of foliations. Furthermore, the transplantation of the Gelfand-Fuks classes in the Hopf cyclic cohomological framework broadened the scope of their applicability, as illustrated by the work on modular Hecke algebras [13] , which gave a 'modular' interpretation to the basic Hopf cyclic cocycles of H 1 . However, apart from H 1 (cf. [10, 22] ), explicit cocycle representatives for all Hopf cyclic cohomology classes were known only for H 2 (cf. [25] ). The present paper provides a geometric method for representing the Hopf cyclic cohomology classes of H n , and of H n relative to On , by concrete cocycles, in the spirit of Chern-Weil theory. Besides giving an effective construction of the Hopf cyclic characteristic classes, this procedure renders their relationship with the characteristic classes of foliations completely transparent. In addition to ideas and results from [10] as well as their subsequent refinements obtained in collaboration with B. Rangipour ([22, 23, 24] ), our approach uses as key additional ingredients the 'differentiable' modification, definedà la Haefliger, of the Bott bicomplex [1, 4] for equivariant cohomology and of Dupont's simplicial de Rham DG-algebra [14] . In their standard version the above complexes compute the Diff(M) δ -equivariant cohomology of a manifold. We first show that their differentiable counterparts deliver Haefliger's differentiable cohomology [18] of theétale groupoid associated to the tautological action of Diff(M) δ , and thus the geometric characteristic classes of foliations. We next prove that the quasi-isomorphism of van Est type constructed in [10] transits through the differentiable simplicial de Rham DG-algebra before landing in the differentiable Bott complex. The former being graded commutative, its cohomology classes can be constructed by the usual Chern-Weil procedure [5] . The transition to the Bott complex is effected by integration along the fibers. Although not multiplicative, this operation provides a quasi-isomorphism which offers the advantage of being explicitly computable. Employing then chain maps (from [10] and [24] ), we transfer the representative cocycles, constructed in terms of connection and curvature, from the differentiable Bott complex to the original cyclic model [10] for the Hopf cyclic cohomology of H n as well as to the quasi-isomorphic model of Chevalley-Eilenberg type constructed in [24] . The upshot is a concrete construction of bases for the Hopf cyclic cohomology of H n and also for H n relative to On , in both cohomological models mentioned above, on a par with the classical geometric construction of characteristic classes of foliations [2, 3, 20] . In particular this construction provides "minimal" representative cocycles for all Hopf cyclic cohomology classes, reproducing the known feature of the Gelfand-Fuks cohomology of being representable by cocycles involving jets of order no higher than two of the formal vector fields.
Characteristic cocycles in differentiable cohomology
1.1. Differentiable equivariant cohomology. Let M be a smooth oriented manifold of dimension n, and let G = Diff(M) be its group of diffeomorphisms. Regarding G as a discrete group, the equivariant cohomology H
• G (M, R), originally defined by means of the homotopy quotient as H
• (EG × G M, R), can be expressed in terms of de Rham complexes. These are associated to the simplicial manifold
with face maps
and degeneracies
The first such complex (cf. [1, 4] ) is the total complex of the bicomplex
d is the de Rham differential, and δ is the group cohomology boundary
Instead of the action groupoid notation implicitly used in the above formulas it will be more convenient to work with the homogeneous bicomplex {C
satisfy the covariance condition
and the group cohomology boundary is given bȳ
the 'check' mark signifying the omission of the element underneath.
The passage between the two isomorphic bicomplexes is via the relations
The second complex computing H
, such that for all morphisms µ ∈ ∆(p, q) in the simplicial category,
, stands for the induced cosimplicial (resp. simplicial) map, and
which are extendable to smooth forms on [14, Thm 2.3] , the operation of integration along along the fibers
establishes a quasi-isomorphism between the complexes {Ω
• (|△ G M|), d} and {C tot• (G, Ω * (M)) , δ ± d}. As in the case of the Bott complex, there is a homogeneous description of the simplicial de Rham complex, {Ω
• (|△ G M|), d}, consisting of the G-invariant compatible forms on the geometric realization |△ G M|. The simplicial manifold△ G M is defined as follows:
The compatible forms ω = {ω p } p≥0 ∈ Ω • (|△ G M| satisfy the invariance condition
For the purposes of this paper, the relevant cohomology is the differentiable modification of the above constructs, in the sense of Haefliger [18, Ch.4, §4] . In the case of the Bott complex the modification amounts to pass to the subcomplex of differentiable cochains {C
with f I smooth functions of x ∈ U and the k-jets at x of ρ 0 , . . . , ρ p , for some k ∈ N, and dx I = dx i 1 ∧ . . . ∧ dx iq with I = (i 1 < . . . < i q ) running through the set of strictly increasing q-indices. The cohomology of the total complex {C
In the case of Dupont's complex, the differentiable simplicial de Rham complex is the subcomplex {Ω
, d} consisting of the G-invariant compatible forms {ω p } p≥0 whose components satisfy the analogous condition:
with f I,J smooth in all variables. We denote by H 
Proof. Clearly, the integration along the fibers maps Ω
. Moreover, the natural chain maps in both directions as well as the chain homotopies relating them in the proof of Theorem 2.3 in [14] preserve the differentiable subcomplexes.
1.2. Explicit van Est-Haefliger isomorphism. We denote by F k M the frame bundle of order k ∈ N ∪ ∞, formed of k-jets at 0 of local diffeomorphisms φ from a neighborhood of 0 ∈ R n to a neighborhood of φ(0) ∈ M. Thus, F 1 M = F M is the usual frame bundle, while by definition
M is a principal bundle over M with structure group G k formed of k-jets at 0 of local diffeomorphisms of R n preserving 0. The group G operates on the left on each F k M by:
Let now a n be Lie algebra of formal vector fields on R n . Any v ∈ a n can be represented as v = j
group of local diffeomorphisms of R n ; it thus gives rise to a G-invariant vector field on
Dually, any ω ∈ C m (a n ), where C * (a n ) denotes the Gelfand-Fuks cohomology complex [15] of a n , gives rise to a
Moreover, the assignment
G is a DGA-isomorphism, by means of which we shall tacitly identify the two DG-algebras. Choosing a torsion-free affine connection ∇ on M, one defines a cross-
This cross-section is clearly GL n -equivariant
as well as Diff-equivariant,
Here ∇ φ = φ −1 * • ∇ • φ * , or more precisely the derivative whose connection form is the pull-back φ * (ω ∇ ) of the connection form of ∇.
Let△ G F M be the simplicial manifold associated to the action of G by prolongation on F M. We define the maps σ p :
where
Manifestly, the collectionσ = {σ p } p≥0 descends to the geometric realization of△ G F M, yielding a well-defined mapσ :
is a quasi-isomorphism of DG-algebras.
(2) The map C ∇ is GL n -equivariant and, by restriction to the subcomplex of On -basic cochains, it induces a quasi-isomorphism of DGalgebras
; here P M = F M/ On and On -basic forms on F M are identified with forms on P M.
Proof. Sinceω is G-invariant,σ * (ω) is indeed a compatible form. It is also quite obvious that it belongs to the differentiable subcomplex Ω
, and so C ∇ is a welldefined map of complexes. Observe now that for any connection∇,
Upgrading both π 1 andσ in the obvious way to simplicial maps Id ×π 1 : 
shows that the natural inclusion of Ω
is also quasi-isomorphism. Recalling the identification (1.8), the proof is achieved by noting that when restricted to Ω
* coincides with C ∇ .
The second claim has a similar proof. Identifying the On -basic forms on F ∞ M with forms on P ∞ M = F ∞ M/ On , the appropriate homotopy takes the form (
Combining the above theorem with Theorem 1.1, one obtains the following explicit form of the van Est-Haefliger isomorphism [18, §IV.4].
, are quasiisomorphisms of complexes.
Characteristic cocycles.
Although explicit, the map D ∇ is quite intricate and thus not amenable to concrete computations. Instead, we proceed now to describe an alternative construction of the Diffequivariant geometric characteristic classes, in the spirit of the ChernWeil theory (cf. [5] ), in terms of cocycles manufactured out of the connection and curvature forms. The universal connection and curvature forms ϑ = (ϑ i j ) and R = (R i j ), defined as in [1, §2] , generate a DG-subalgebra CW
• (a n ) of C • (a n ). By the Gelfand-Fuks theorem (cf. [15, 16] ), the inclusion CW
• (a n ) ֒→ C
• (a n ) is a quasi-isomorphism. Actually, there is a faithful embedding of the truncated Weil complexŴ (gl n ) which identifies it with the subcomplex CW
• (a n ) of C • (a n ). We recall thatŴ (gl n ) = W (gl n )/I 2n , where W (gl n ) = ∧
• gl * n ⊗S(gl n ) is the Weil algebra of gl n , and I 2n is the ideal generated by the elements of S(gl n ) of degree > 2n. These DGalgebras are GL n algebras as well. Let CW
• (a n , On ), resp.Ŵ (gl n , On ), denote their subalgebras consisting of On -basic elements. The above identificationŴ (gl n ) ≡ CW • (a n ) then restricts to an identification W (gl n , On ) ≡ CW
• (a n , On ). With ∇ being as before a fixed torsion-free connection and ω ∇ = (ω i j ), resp. Ω ∇ = (Ω i j ), denoting its matrix-valued connection, resp. curvature form on F M, one has the naturality relation:
, the second identity is a consequence of the first. To prove the first, we note that by (1.11) the operator ω ∇ → σ * ∇ ( ϑ), acting on the (affine) space of torsion-free connections on F M, is natural, i.e. G-equivariant.
The uniqueness of such operators on torsion-free connections (cf. [21, §25.3] ) ensures that the only such operator is the identity.
In homogeneous group coordinates (see (1.2)), the simplicial connection form-valued matrixω ∇ = {ω p } p∈N associated to ∇ has componentŝ (1.15) and the simplicial matrix-valued curvature formΩ 
(2a) By restriction to the respective DG-subalgebras of On -basic elements, C ∇ induces an isomorphism of CW
• (a n , On ))
The operation of integration along the fibers does not preserve the cup product (which is graded commutative at the source but not in the target). Nevertheless, by Theorem 1.3, it still induces isomorphism in cohomology.
To describe concrete bases of cohomology classes constructed in the Chern-Weil manner, we let I(gl n ) = S(gl n ) GL n be the algebra of invariant polynomials, or equivalently, the subalgebra of GL n -basic elements of W (gl n ). Once the torsion-free connection ∇ is chosen, to any polynomial P ∈ I(gl n ) one associates a closed simplicial differential form
On the total space of the frame bundle this form is exact, and can be expressed as a boundary by a standard transgression formula (cf. [6] ):
(1.17) Corollary 1.6 allows now to transfer a Vey basis [16] of H * (a n ) to a basis of H d (|△ G F M|, R) as follows. Let {c k } 1≤k≤n be a system of generators of the algebra I(gl n ), for example the coefficients of the powers of t in the expansion
whose components in homogeneous group coordinates are
The Vey basis can now be transferred as follows. Consider the collection V n of all pairs (I, J) of subsets of {1, . . . , n} of the form I = {i 1 < . . . < i p } and J = {j 1 ≤ . . . ≤ j q }, such that |J| := j 1 + . . . + j q ≤ n, i 1 ≤ j 1 and i 1 + |J| > n. Corollary 1.7. With (I, J) running over the set V n , the forms
are closed and their cohomology classes form a basis of H
The cocycles obtained by their integration along fibers,
provide a complete set of representatives for a basis of H
The same procedure applies to the relative case. The representatives of the even Chern classes are still given by the formula (1.19) with k = 2i, while the odd Chern forms can be transgressed as follows (cf. [17, Prop. 5] ). Denote by gl n = s n ⊕ o n the standard decomposition into symmetric and skew-symmetric parts, and let s : gl n → s n , resp. o : gl n → o n , be the corresponding projections. Then
To construct a Vey basis, one now takes the collection VO n of all pairs (I, J) of (possibly empty) subsets of {1, . . . , n}, with I = {i 1 < . . . < i p } containing only odd integers and J = {j 1 ≤ . . . ≤ j q }, with |J| ≤ n, such that i 0 ≤ j 0 and i 0 + |J| > n. Here i 0 = i 1 if I = ∅ or i 0 = ∞ otherwise, and j 0 stands for the smallest odd integer in J or j 0 = ∞ if there is none.
Corollary 1.8. With (I, J) running over the set VO n , the forms
are closed and their classes form a basis of H
form a complete set of representatives for a basis of H
In particular, the representatives of the Chern classes are the cocycles
2. Cyclic cohomological models for the Hopf algebra H n For the convenience of the reader, we collect here a modicum of salient facts from [10, 11, 23, 24] about the Hopf algebra H n and the Hopf cyclic cohomological models associated to it.
2.1. Canonical representation and the standard cyclic model. The Hopf algebra H n serves as a "quantum" analogue of the structure group of the universal "space of leaves" for codimension n foliations. As such, it arises naturally as the symmetry structure of the convolution algebra C ∞ c (Γ n ) of theétale groupoidΓ n of germs of local diffeomorphisms of R n acting by prolongation on the frame bundle F R n . For the clarity of the exposition it is convenient to replace C ∞ c (Γ n ) by the crossed product algebra A = C ∞ c (F R n ) ⋊ G, where G = Diff R n is treated as a discrete group. In order to implement the operational construction of H n , one identifies F R n with the affine group G = R n × GL n in the obvious way, and one endows it with the canonical form θ = (θ k ) = (y −1 dx) k and with the flat connection ω = (ω The group G acts on F R n by prolongation,
The algebra A can be regarded as the subalgebra of the endomorphism algebra End C C ∞ c (F R n ) generated by the multiplication and the translation operators
Letting the vector fields Z ∈ g act on A by
the resulting operators in L(A) satisfy generalized Leibnitz rules, which in the Sweedler notation take the form
In particular, X k ∈ L(A) satisfy The algebra H n is isomorphic to the quotient A(h n )/I of the universal enveloping algebra A(h n ) by the ideal I generated by the above identities. It possesses a distinguished character δ : H n → C, which extends the modular character of gl n (R), and is induced from the character of h n defined by
..ℓr ) = 0. As coalgebras, H n and A(h n ) differ drastically however. The coproduct of H n stems from the interplay between the action of H n and the product in A. More precisely, it confers to H n the only Hopf algebra structure for which A is a left H n -module algebra. Concretely, the formula (2.2) extends to all h ∈ H n ,
and this uniquely determines a coproduct ∆ : H → H n ⊗ H n , by
The counit is ε(h) = h(1), and there is a canonical twisted antipode determined by the canonical trace of the crossed product algebra A, namely
here ̟ is the volume form attached to the canonical framing given by the flat connection
. This trace is δ-invariant with respect to the action of H n , that is
The Leibnitz rule (2.7) together with the fact that the pairing (a, b) → τ (a b) is non-degenerate also ensure the existence and uniqueness of an anti-automorphism
as well as the involutive property (2.11) S 2 δ = Id . Finally, the antipode of H n is S =δ * S δ , whereδ is the convolution inverse of δ. Using (2.10), the standard Hopf cyclic model for H n is "imported" from the standard cyclic model of the algebra A, via the characteristic map
This map is faithul and gives rise to a cyclic structure [7] on {C q (H n ; δ) := H ⊗ q n } q≥0 , with faces, degeneracies and cyclic operator given by
The cyclicity condition τ q+1 q = Id is satisfied precisely because of the involutive property (2.11), to which is actually equivalent. The periodic Hopf cyclic cohomology HP
• (H n ; C δ ) of H n with coefficients in the modular pair (δ, 1) is, by definition (cf. [10, 11] ), the Z 2 -graded cohomology of the total complex CC tot• (H n ; C δ ) associated to the bicomplex {CC * , * (H n ; C δ ), b, B}, where
To define the periodic Hopf cyclic cohomology of H n relative to On , one considers the quotient
, which is an H n -module coalgebra with respect to the coproduct and counit inherited from H n . Then {C q (H n , On ; C δ ) := Q ⊗q n On } q≥0 , is endowed with a cyclic structure given by restricting to On -invariants the operators
The resulting periodic cyclic cohomology is denoted HP • (H n , On ; C δ ).
Bicrossed product and Chevalley-Eilenberg cyclic model.
The Hopf algebra H n can be reconstructed as bicrossed product of a matched pair of Hopf algebras of classical type (cf. [10, 23] ). This structure arises naturally from the canonical splitting of the group G as a set-theoretical product G = G · N of the group G of affine motions of R n and the group
If φ ∈ G and φ 0 := φ − φ(0), then its canonical decomposition is
Reversing the order in the above decomposition one simultaneously obtains a pair of well-defined operations, one of N on G and the other of G on N:
for ϕ ∈ G and ψ ∈ N.
The operation ⊲ is a left action of N on G, and ⊳ is a right action of G on N. Via the identification G ≃ F R n , one recognizes ⊲ as being exactly the action by prolongation (2.1).
To reconstruct H n one actually uses the pronilpotent group of jets
on which the jet components are regarded as affine coordinates. Thus, the algebra F of regular functions on N consists of polynomial expression in the coordinates
Since α i j (ψ) = δ i j , and for r ≥ 1 the coefficients α i jj 1 j 2 ...jr (ψ) are symmetric in the lower indices but otherwise arbitrary, F can be viewed as the free commutative algebra over C generated by the indeterminates {α i jj 1 j 2 ...jr ; 1 ≤ j < j 1 < j 2 < · · · < j r ≤ n}. The algebra F inherits from the group N a canonical Hopf algebra structure, in the standard fashion, with the coproduct ∆ : F → F ⊗F , the antipode S : F → F , and the counit ε : F → C determined by
The coefficients of the Taylor expansion at e ∈ G of the prolongation of ψ ∈ N,
..ℓr (ψ)(e), are easily seen to be regular functions on N, which also generate F as an algebra. Letting H ab denote the (commutative) Hopf subalgebra of H n generated by the operators {δ i jkℓ 1 ...ℓr ; 1 ≤ i, j, k, ℓ 1 , . . . , ℓ r ≤ n}, one proves using the structure identities (2.5) that the assignment − η :
defines an isomorphism of Hopf algebras. With g denoting the Lie algebra of G, let U := U(g) be its universal enveloping algebra. The right action ⊳ of G on N induces an action of
and hence a left action ⊲ of U on F . Explicitly, for any u ∈ U,
The right hand side of (2.19), before evaluation at e ∈ G, describes the effect of the action of u ∈ U on δ i jkℓ 1 ...ℓr ∈ H ab . From the very definition (2.17), it follows that − η : H ab → F identifies the U-module H ab with the U-module F . In particular F is U-module algebra. On the other hand, U carries a natural right F -comodule structure : U → U ⊗ F , which can be suggestively described by assigning to each element u ∈ U a function from N to U defined by (2.20) ( u)(ψ) =ũ(ψ)(e), whereũ(ψ) = U ψ u U * ψ . This coaction actually endows U(g) with the structure of a right Fcomodule coalgebra. Thus equipped, U and F form a matched pair of Hopf algebras, i.e. (with the usual conventions of notation) satisfy the compatibility conditions
One can then form the bicrossed product Hopf algebra F ◮ ⊳ U, which has the crossed coproduct F ◮ < U as underlying coalgebra, the crossed product F > ⊳ U as underlying algebra, and whose the antipode is given by 
Exploiting the bicrossed product structure, and taking advantage of the extended framework for Hopf cyclic cohomology with coefficients [19] , the complex CC tot• (H n ; C δ ) can be replaced (cf. [23, 24] ) by quasiisomorphic bi-cyclic complexes. The latter amalgamate two classical types of cohomological constructs, Lie algebra cohomology with coefficients and coalgebra cohomology with coefficients, with the essential distinction though that the coefficients are not only acted upon but also 'act back'. The first such bicomplex C
•,• (∧g * , F ) is described by the diagram . . . . . . . . .
the coboundary ∂ g involves the action of g on the coefficients C δ ⊗ F ⊗q , while b F and B F involve the coaction g . More precisely,
The above bicomplex has a homogeneous version C
defined as follows. An element α ⊗f ∈ (∧ p g * ⊗F ⊗q+1 ) F if it satisfies the F -coinvariance condition:
here forf = f 0 ⊗ . . . ⊗ f q , we have denoted
The identification between the two complexes is made by the isomorphism
A closely related bicomplex replaces the tensor powers of the algebra F with homogeneous cochains on the group of jets N with values in ∧g * , namelyC •,• (N, ∧g * ), defined as follows:
with boundary operators∂ andB,
defined as follows:
where {Z k } and {α k } are dual bases of g and g * , and
It is isomorphic to the bicomplex (2.22) via the chain map
Finally, since F is commutative one can restrict both sides to the quasiisomorphic subcomplexes of totally antisymmetric cochains
The boundary operators of the bicomplex C 
The total cohomology of the above bicomplex is canonically isomorphic to HP • (H n ; C δ ) and will be denoted by HP
• ◮ ⊳ (H n ). The relative (to On ) version of the above cohomology will be denoted HP • ◮ ⊳ (H n , On ). It is canonically isomorphic to HP
• (H n , On ; C δ ), via the quasi-isomorphism of relative complexes obtained by restricting to On -basic cochains on both sides. This amounts to replacing g = R n ⋊ gl n (R) by g/o n , and then restricting to On -invariant cochains. The group On acts on N by the restriction of the right action of G.
The chain map κ ∧ induces a quasi-isomorphism
Hopf cyclic characteristic cocycles
For the transfer of the characteristic cocycles to Hopf cyclic cohomology we shall use two analogues of the classical van Est isomorphism. The first one, recalled below, was established in [10] and provided the means to identify the Hopf cyclic cohomology of H n with the Gelfand-Fuks cohomology of the Lie algebra a n . The second one, derived in §3.2, identifies the Hopf cyclic cohomology to the differentiable cohomology. The transferral proper of the characteristic cocycles is then achieved in §3.3.
3.1.
From Lie algebra to Hopf cyclic cohomology. We begin by recalling the first quasi-isomorphism, in the form refined in [24] . The setting is very similar to that described in §1.1, only here it is specialized to M = R n , endowed with the standard flat connection, still denoted by ∇. As in §2.2, we identify F R n and the affine group G.
Instead of the mapσ : |△ G F M| → F ∞ M of (1.12), we now consider the mapς : |△ N F R n | → F ∞ R n , whose simplicial components are defined, in homogeneous group coordinates, by
•ς * defines a new map of complexes D :
, which satisfies the enhanced covariance property
Taking φ ∈ G, this relation shows that D(ω) is completely determined by its values at the identity e ∈ G. One is led then to define
A more explicit expression for E(ω) is obtained as follows. Fix a basis {α k } of g * , and denote by {α k } the corresponding left invariant forms on G, and by {Z k } be the dual basis of left invariant vector fields.
Define ν(ϕ, ψ) := ϕ • (ψ ⊳ ϕ) −1 , and let ı : G → G be the inversion map ı(ρ) = ρ −1 . Then
with I = (i 1 < . . . < i r ) and
or in a more suggestive notation,
The way in which D(ω) can be recovered from E(ω) is made precise by the following identity:
Note that the only difference between µ(ω) andμ(ω) is the replacement of the α I ∈ ∧ • g * by the associated left invariant formsα I ∈ Ω • (G). Thus, denoting by L ϕ the left translation by ϕ ∈ G, the above identity can be stated in the equivalent form
The first part of the van Est theorem, proved in [10] and in the form stated below in [24] , can be formulated as follows.
Theorem 3.1. For any ω ∈ C(a n ), E(ω) ∈ C • F (∧g * , ∧F ) and the resulting map E : 
is also a DG-algebra, equipped with the differential
The map Φ fromC
where It is shown in [10, pp. 233-234] ), that if λ ∈C q (G, Ω p (G)) is of the form λ = D(ω) with ω ∈ C(a n ) then Φ(λ) has the expression
is uniquely determined, because the characteristic map (2.12) is faithful. Via the corresponding identification, Φ(λ) becomes a chain in the (b, B)-complex which defines the Hopf cyclic cohomology of H n . By restricting Φ to the subcomplex (3.10) one thus obtains a map
Φ d is tautologically a chain map, because the Hopf cyclic structure of H n was imported from that of the cyclic complex of A. Furthermore, by restriction to On -basic forms on G one obtains the relative version of the above chain map, which lands in the relative version of the above Hopf cyclic complex H ♮ n ( On ; δ).
With this at hand, the van Est type result proved in [10, Theorem 11] can be rephrased as follows.
• (a n ) → CC tot * (H n ; C δ ), together with its restriction C
• (a n , On ) → CC tot * (H n , O n ; C δ ), are quasiisomorphisms.
3.2.
From Hopf cyclic to differentiable cohomology. In [24, §3.2] we have constructed another map of bicomplexes, Θ :
, and we are now in a position to prove that it too is a quasi-isomorphism. In order to define it, we recall the isomorphism − η : H cop ab → F of (2.17), and denote its inverse
The left hand side uses the natural action of H n on the crossed product
, depends smoothly (in fact algebraically) on the components of the k-jet of φ, for some k ∈ N. For example, one can easily see that
With this notation, Θ :
(3.14)
here, as in §3.1,α I stands for the left-invariant form on G corresponding to α I ∈ ∧g * .
We shall first show that the map Θ satisfies a property completely similar to that described by formula (3.5) . Given the form of the expression in the right hand side of (3.14), to justify this it suffices to prove the following lemma.
Lemma 3.3. For any f ∈ F , ψ ∈ N and ϕ ∈ G, one has
Proof. Using the cocycle property of γ i jk and the fact that ϕ ∈ G is affine, one has for any ψ ∈ N,
By successive differentiation with respect to left invariant vector fields X k , one obtains
Letting e = (0, 1) be the base frame we note that, by our identification of G with F R n , ϕ(e) ≡ ϕ. Thus, the above identity evaluated at e gives On the other hand, the identity (3.13) is valid for higher order jets. Indeed, applying the definition (3.12) to f = η i jkℓ , one has
Repeated applications give the general identity
The relations (3.16) and (3.19) taken together imply
which proves the statement for a set of generators of the algebra F . To complete the proof it remains to notice that
and therefore both sides of the desired relation behave multiplicatively.
Relying on this lemma, we can now prove a key relation between the maps of complexes constructed before.
Proof. Let ω ∈ C • (a n ) and denote
while by (3.5) on the one hand and Lemma 3.3 on the other, for any ϕ ∈ G one has
The next important step is to reconcile the two maps denoted by D, that defined in Theorem 1.3 and the one defined in § 3.1.
Lemma 3.5. With ∇ denoting the standard flat linear connection on
Proof. The construction of the two maps starts with two different crosssections, σ ∇ : F R n → F ∞ R n defined by (1.9) and ς : F R n → F ∞ R n of (3.1). We need to show that they both lead to the same map from
Indeed with the usual identification
Since the left action of N on G coincides with the natural action on F R n , ψ(u) ≡ ψ ⊲ ρ. Thus, using the naturality property (1.11) one obtains
This shows that
Now let φ ∈ G, factorized as the product ϕ•ψ, with ϕ ∈ G and ψ ∈ N.
, with ϕ i ∈ G and ψ i ∈ N, then for any ρ ∈ G, σ p (t; φ 0 , . . . , φ p , ρ) = ς p (t; ψ 0 , . . . , ψ p , ρ), (3.21) which completes the proof. Lemmas 3.4 and 3.5 taken together ensure that Θ • E = D ∇ . Since both D ∇ and E are quasi-isomorphisms, so must be Θ. This achieves the proof of the second explicit analogue of the van Est isomorphism:
3.3. Hopf cyclic Vey bases. As above, ∇ stands for the flat connection on the frame bundle G ≡ F R n → R n , with connection form ω ∇ = ω Recall now that in §1.3 (see Corollaries 1.7 and 1.8) we have constructed characteristic cocycles C I,J (∇) in the differentiable Bott bicomplex, and also that Theorem 3.6 provides a quasi-isomorphism Θ : C (3.24) and the very definition of the cocycles κ I,J , it is clear that their tensor components are "economically" manufactured solely out of elements from ∧g * tensored by exterior powers of the algebra generated by {η i jk ; 1 ≤ i, j, k ≤ n}. This feature constitutes the analogue of the well-known fact that the Gelfand-Fuks cohomology classes are representable in terms of 2-jets.
Returning now to the standard Hopf cyclic cohomological model (see §2.1), we recall that the cocycles C I,J (∇) were obtained by transferring Vey bases of H * (a n ), resp. H * (a n , On ), via the quasi-isomorphism D ∇ . Thus, by construction they belong to the subcomplexC tot D (G, Ω * (G)) and therefore can be further transported via the quasi-isomorphism Φ d :C tot D (G, Ω * (G)) → CC tot * (H n ; C δ ) of (3.11). Since by Theorem 3.2 the composition Φ d • D ∇ is a quasi-isomorphism, we conclude that: 
